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Abstract
We study the geodesic structure of the Korkina-Grigoryev spacetime. The
corresponding metric is a generalization of the Schwarzschild geometry to the
case involving a massless scalar field. We investigate the relation between
the angular momentum of the test particle and the charge of the field, which
determines the shape of the effective-potential curves. The ratio for angular
momentum of the particle, the charge of the scalar field and the dimensionless
spatial parameter is found, under which the finite motion of particles occurs.
From the behavior of the potential curves the radii of both stable and unstable
circular orbits around a black hole are found, as well as the corresponding
energies of the test particles. The effective-potential curves for the Korkina-
Grigoryev, the Schwarzschild and the Reissner-Nordstrom fields are compared.
It is shown, that in the case of the Korkina-Grigoryev metric the stable orbits
eventually vanish with increasing charge.
1 Introduction
Investigation of motion of test particles is a common method in general relativity to
study the structure and properties of space-time near a gravitational object [1]. In
this paper we consider and analyze the motion of test particles in Korkina–Grigoryev
spacetime.
2 Korkina–Grigoryev metric
Metric for Korkina–Grigoryev (KG) gravitational field [2], induced by a nonlinear
massless conformally-invariant scalar field, has the form:
ds2 = ξ3
rg
r
dt2 −
ξ
(ξ2 + b)2
·
r
rg
dr2 − r2dσ2, (1)
1
where r = rg(1 + 3bξ + ξ
3); ξ is a dimensionless spatial variable; b = 3G2r
−2/3
g ; G is
a charge that characterizes the energy of the scalar field.
Potential of KG nonlinear scalar field is given by:
φ = Gr1/3g ξ. (2)
Metric (1) can be rewritten in a modified form
ds2 =
(
1−
rg
r
(1 + 3bξ)
)
dt2 −
(
1−
rg
r
(
1 + 3bξ −
b2
ξ
))
−1
dr2 − r2dσ2, (3)
which is more convenient for analyzing and comparing with known metrics.
Using the mass function method [3] we found the energy density in the case
under consideration
ε =
G2
r
2/3
g
·
1
ξ2r2
, (4)
From the expression (4) it follows that the influence of the scalar field decreases
with the square of the distance.
3 The effective potential and extreme functions
Using the Hamilton–Jacobi method we find the expression for the effective potential
in dimensionless variables:
Ueff =
√(
1−
1 + 3bξ
1 + 3bξ + ξ3
)(
1 +
A
(1 + 3bξ + ξ3)2
)
, (5)
where
Ueff =
Ueff
mc2
,
r =
r
rg
= 1 + 3bξ + ξ3, (6)
b = 3G2r−2/3g , A =
L2
m2c2r2g
.
Taking into account following conditions
U2
eff
= E2 = 1,
∂Ueff
∂r
= 0 (7)
for the effective potential (5) we obtain the expressions for the radii of circular orbits
and turning points:
2
rmin± =
A±
√
A2 − 3A− 18Abξ − 27Ab2ξ2
1 + 3bξ
, (8)
rturn± =
A±
√
A2 − 4A− 24Abξ − 36Ab2ξ2
2(1 + 3bξ)
, (9)
where “+” corresponds to stable orbits and “–” is for unstable ones.
From (5) we found the condition for angular momentum A, the charge of the
field b, and parameter ξ under which the finite motion of particles will occur
A =
(1 + 3bξ + ξ3)2(1 + 2bξ)
2ξ3 − 1
. (10)
(a)
(b)
Figure 1: The region of values of the parameters A, b, ξ for finite motion of particles
(a). The region of values of the parameters A, b under fixed ξ for finite motion of
particles (b).
Fig.1a shows the region of values of parameters A, b, ξ that allow finite motion
of particles. Here the shaded surface corresponds to circular orbits, the area un-
der the surface corresponds to elliptic orbits, Aξ-plane with b = 0 corresponds to
Schwarzschild-type black hole.
Fig.1b shows the section of Fig.1a for values of the parameters A, b under fixed
ξ, where the shaded area corresponds to the existence of elliptic orbits, and the
bold boundary line corresponds to circular orbits, beyond this line a finite motion
of particles is impossible.
From (5) it follows that the parameter ξ must always be a positive ξ > 3
√
1/2.
Thus, the potential curves exist at
r >
√
1
2
b+
3
2
. (11)
Fig. 2 shows a comparison of the potential curves for Korkina–Grigoryev field
and known Schwarzschild and Reissner–Nordstro¨m fields [4]. It can be seen from fig.
3
2 that under zero charges KG and Reissner–Nordstro¨m solutions transform into the
Schwarzschild solution. If the charge of KG field is increasing, the potential curves
will lose the extrema in the spatial domain, so that the finite motion of particles
will become impossible, unlike the situation for the Reissner–Nordstro¨m solution.
Figure 2: The comparison of potential curves for KG field (solid lines), Schwarzschild
field (bold line) and Reissner–Nordstro¨m field (dashed lines) for a different values
of the correspondent charges.
Conclusions
In this work the motion of test particles in Korkina–Grigoryev field is considered.
The ratio between angular momentum A, charge of field b and the dimensionless
parameter ξ is found under which the finite motion of particles will occur. The lower
limit of parameter ξ > 3
√
1/2 is obtained. It is shown that for large values of charge
of KG field the orbits are disappear and the finite motion of particles is impossible.
The comparison of the potential curves for Korkina–Grigoryev, Schwarzschild and
Reissner–Nordstro¨m fields are considered.
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